A local hydrogen-like upper bound for the spherically averaged electron momentum density is studied within the Hartree-Fock framework for 103 neutral atoms, 54 singly charged atomic cations and 43 anions in their ground state. The maximum value of the electron momentum density is bounded analytically by means of some global properties of the system.
Introduction
The one-particle spherically averaged momentum density (p) of many-electron systems plays a fundamental role in the description of important properties of the systems and is the basic quantity in the development of momentum-space density functional theories [1, 2] . (p) is also an experimental accessible quantity by several techniques [3] [4] [5] .
Apart from the quantum-mechanical non-negativity, only two other rigorous properties of (p) are known: the MacLaurin expansion for small momentum and the p −8 -behaviour at large momentum [6] . Numerically, this function has recently been investigated for the ground states of neutral atoms from H (Z = 1) to Lr (Z = 103), and for 97 singly charged ions, 54 cations from He + (Z = 2) to Cs + (Z = 55) and 43 anions from H − (Z = 1) to I − (Z = 53) [7] [8] [9] [10] . According to (p) modalities three categories of atoms were clearly identified:
• Type I. Atoms with a unimodal (p) with its maximum located at the origin (p max = 0);
i.e. a monotonically decreasing momentum density.
• Type II. Atoms with a unimodal (p) with its maximum located away from the origin p max > 0; i.e. the momentum density has a local minimum at the origin.
• Type III. Atoms with a bimodal (p) with one maximum at the origin p max = 0 and the other maximum away from the origin p max2 > 0, and a local minimum at p min with 0 < p min < p max2 .
For the corresponding spherically averaged electron density ρ(r) in position space, some structural properties are known. Apart from non-negativity, we only rigorously know the cusp condition ρ (0) = −2Zρ(0) [11] , where Z is the nuclear charge of the atom, and the asymptotic behaviour [12] . It is numerically known that this density has a monotonic behaviour for the ground state of atoms, cations and anions and, moreover, it is convex for some of these atoms (for a review see [13] ). In addition the positivity of the following function:
has been studied in [14] [15] [16] for the ground states of neutral atoms with Z 92. This function may be considered as a spatial generalization of the cusp condition mentioned above. The non-negativity of f (r) implies that
This hydrogen-like local bound to the density ρ(r) had previously been obtained by Tal and Levy [17] . Here, we further investigate some local bounds to the momentum densities for the ground state of neutral atoms and singly charged ions; see section 1. Then these bounds are used (see section 2) to obtain inequality type relationships between the maximum value of (p), and various global properties of the system.
Hydrogen-like bounds for momentum density
The Schrödinger equation for an atom of nuclear charge Z cannot be solved analytically in both position and momentum spaces, except for hydrogen-like atoms, where the ground state momentum density is
with (0) = 8/(π 2 Z 3 ). For atoms with Z 2, there is no rigorous analytical expression for the ground state electron momentum density. Two sets of rigorous bounds were recently derived for this density in all of the 103 ground state neutral atoms (from Z = 1 to 103) [18] . A first set is given by
which is controlled by a radial expectation value p s = 4π ∞ 0 p s+2 (p) dp. The second set, given by
depends on a Renyi functional or the entropic moment of the momentum density defined by
t dp. An analogous set of bounds was derived in [19] 
for decreasing (p).
Similarly to Tal and Levy's hydrogen-like bound (2) for the electron position density ρ(r), we shall investigate here the following hydrogen-like bound for the electron momentum density:
where p max is the point where (p) reaches its maximum value for each atom and max ≡ (p max ) is the maximum of (p) with p ∈ [0, ∞). Note that this bound requires the knowledge of p max and max in addition to Z. To illustrate how good the bound (6) is, we will study its difference and ratio values with respect to the exact momentum density. Firstly, we have studied the difference function numerically
for a huge number of atomic systems by means of the accurate Roothaan-Hartree-Fock wavefunctions of Koga and co-workers [20, 21] . We have examined this momentum density for the 102 neutral atoms ( In figure 2 we have presented the ratio R(p) between (p) and the upper bound in equation (6) for the three atoms just mentioned. We can see that the bound has a good accuracy near the origin, in general. For atoms of type II, the bound is of high accuracy until p max . In addition, we have numerically studied the expectation values p n for the atomic species mentioned above with the hydrogen-like momentum density Z
n H , and with the true density, p n ex ; we note that the ratio between these two values is certainly poor. Its highest value, 0.75, occurs for He and n = −2, and it decreases when the values of Z and n increase. So, we believe that there is considerable room for improvement in our bound given by equation (6) , although possibly only by destroying its simplicity.
Lower bounds to Π max
The non-negativity of g(p) will be used to obtain lower bounds to max , for the ground state of all the atomic systems studied above, in terms of radial expectation values p t and logarithmic expectation values p t ln p . The maximum of the momentum density plays an important role in many problems in atomic physics [22, 23] . The expectation values are interesting, because they include physically important quantities: p −1 = 2J (0), where J (0) is the isotropic Compton profile in photon-electron interactions [3] ; p 0 = N , the number of electrons of the system; p 2 is twice the non-relativistic kinetic energy; p 4 = −8c 2 T BP , where T BP is the Breit-Pauli mass-velocity correction to the energy, and c is the speed of light in a vacuum [24] ; p 3 is roughly proportional to the initial value of the Patterson function of x-ray crystallography [25] . The logarithmic expectation values are strongly related to the structure of the momentum density and to the information entropy in momentum space [26, 27] . Up to now the only published bounds to max are lower bounds given by means of the momentum expectation values for type I atoms [22, 23] .
To derive the bounds we will apply the Stieltjes theorem to the function g(p). This theorem states that for a non-negative function f (x) with x ∈ [0, ∞), whose moments are given by ν β = ∞ 0 x β f (x) dx, the Hankel-Hadamard determinants are non-negative, i.e. .
In particular, for k = 0 one has ν α 0, and for k = 1, equation (8) reduces as ν α ν α+2t − ν 2 α+t 0. It can be shown that α k (t) is a convex function on t. This fact allows us to obtain another useful inequality [26] : Figure 2 . Ratio between the true density and the upper bound in equation (6);
, for He (Z = 2, type I), Ne (Z = 10, type II) and Rh (Z = 45, type III). They were obtained with the near Hartree-Fock wavefunctions of Koga et al [20] .
where
Let us apply these three simple inequalities to the density g(p). We have to consider the moments of g(p) given by ξ n ≡ ∞ 0 g(p)p n dp, n = 0, 1, . . . , 6.
(a) The Stieltjes theorem for k = 0 gives ξ n 0, which leads to the following relation among max , p max , the nuclear charge Z and a radial expectation value:
This integral can be obtained analytically by a straightforward calculation for each n. This relation leads to the following lower bound in terms of three expectation values, Z and p max :
where a n = δ n δ n+2 − δ
(c) The inequality (9) for α = 0 straightforwardly produces the lower bound 2 4 dp.
Let us point out that these lower bounds require the knowledge of p n and p max (cases L n and L n ) as well as some logarithmic expectation values (case M n ) in addition to the nuclear charge Z. We have explicitly exemplified the bounds L 0 , L 0 and M 0 , and compared in figure 3 with the value max for the neutral atoms with Z 103 in the RHF framework of Koga et al [20] . We highlight that all three bounds have the correct general qualitative behaviour of max for all the neutral atoms. We observe in figure 3 that the accuracies of the bounds depend on the Z value. The M 0 bounds in terms of logarithmic expectation values are much more accurate than the L 0 and L 0 bounds. In fact, the bounds M 0 improve approximately by a factor of 10 with respect to L 0 for high values of Z. The comparison of the L 0 and L 0 bounds shows that the bounds substantially improve when a new expectation value is included.
Conclusions
In summary we have studied some local hydrogen-like bounds for the ground state momentum density (p) of 102 neutral atoms and 97 singly charged ions by use of accurate HartreeFock wavefunctions. Our results suggest that these bounds could be valid in general for the ground state of atoms and atomic ions. In addition, these hydrogen-like bounds (p) are used to correlate a local property (the maximum of (p)) and some global properties (the momentum expectation values). Specifically, several lower bounds for the maximum of the atomic momentum densities of all the systems studied have been derived in terms of important physical properties such us the Compton peak height J (0), the non-relativistic kinetic energy of the system and so on. [20] . Atomic units are used everywhere.
